
 

MATH 2028 Polar Cylindrical Spherical Coordinates

GOAL Introduce some useful coordinate systems
to evaluate double triple integrals

So far our consideration of multiple integrals makes

Use of the Cartesian product structure of

B LR x x R Bk x Rn k

in which Cartesian 1rectangular coordinates serve
as

a natural choice However there are situations where

this is not the case and other coordinate system

may be preferred due to the underlying symmetry

we will focus on 3 special coordinates

ZD Polar coordinates r O

Cylindrical coordinates r O Z

Spherical coordinates f 0,0



Polar coordinates

I'sp Cx y

r OR

ro f f
x2tyT
tan

To express a multiple integral in polar word

we first rewrite a function f Cx y in Cr 07

coordinates by

f Cr O f r cos 0 r sin 0

Second we also have to deal with the distortion

of an area element

DA d x dy rdr do

y

y

rdO
Area of this small region

rdr do

x



Example 1 Evaluate the double integral

x4yTdA

Over the annulus region D fCX y 1 E x't y's 2

Solution Step 1 Rewrite the function in polar word

f Cr O Fcr cos0 r sin 0

cos O t r sin O r

Step 2 Rewrite the region in polar word

D fCX y 1 E x't 552

fCr O I E r E Tz O E O s 2T

Step 3 i Rewrite the integral in polar coordinates
29 52 DA

x4yT DA f f r rdTdO
o I

Jo f fr do 31 2 1 21T

D



Example 2 Evaluate the double integral
n'T y X

X y DA
r

sa

x'ty 9

X 1

Solution Rewrite in polar word

f Cr O r cosO r sin 0 r's in 0 cosO

A f Cr O o E O E It SeoO E r E 3

DA

xD DA J r since cos 0 rdTdO

I

f 4L 81 Sec40 sin0 cos0 do
O

I fo 81 sincewso o
do

0 714

t Hz Sino to

If't I I If
D



Sometimes we can use multiple integrals to

help us compute certain ID integrals One famous

example is the following

Example 3 Gaussian integral

e d
Note that this is
an improperintegral

Note that

f e d Y f e dx f e Y dy

f e dx dy

Rewriting in polar coordinates n

I f e
r
rdr DO

I
C te I do

D fcx.gs x.y3o I
4

for I r30 0105
D



Cylindrical coordinates
2

P X y t

EEE i
OR

c TX X2 y
2

to
tan E

Z Z

Distortion of area element

DV d x dy d z rdr d Odz

Example 4 revisited

Evaluate the
z

triple integral

Fav
y

z Wey 4

D CXy z
X Y Z 30 and

f x'ty ez e 4



Solution Express everything in cylindrical word

Icr O Z roos O

O E r E 2 o E O E I

I Cr O Z r e z e 4
2

du

faff
x du Jj rooso rd dO

f r C4 f coso dr do

fo't a so r3 r5 do

BI f cos Odo
15

sino GI
0 0 15

D



Spherical coordinates

z
n

p a can t Iz
p cosof

lo f
OR

y
t f 5,7

cos x't y z

a
tan E

Distortion of area element

d U d x dy d z Tsinlo d f dfo d 0

Example 5 find the volume of the ice cream

Cone R bounded by the sphere X7y4
2
2 92

and the cone 2 C Fyi where a C so are

some fixed constants



Solution Rewrite everything in spherical word

2
x4y4z2 a2

me
r f Cf ol O I

CRAY
OE f E a

y o E lo E tanto
O E O E 2T

X

voi r Sff 1 du
du

r

f f Joa 1 fished

ta f f sino def do

as f w gy
lo tan I
01 0

a3 I

D



Spherical coordinates in R

For general dimension n 33 one can similarly
introduce 1 radial coordinate f and n 1

angular coordinates 91 Tn c S t

X f sin In sin4h z sink cos 9
Xz

Xu z I f sin 9h I sink 2 CosCfn3
Xn I f SinYn cos4h 2
Xn f cos Pn 1

Distortion of volume element

DV f sin 29ns sin39N z Sin 92

df d 4 d9n i

Example 6 The volume of an n dimensional

unit ball in R is equal to

a
k

EI Prove this
F When n 2k

2ckfff.ITkwnenn 2kt


